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The existence of the edge states at the interface between two media with different topological properties
is protected by symmetry, which makes such states robust against structural defects or disorder. We show
that, if a system supports more than one topological edge state at the interface, even a weak periodic
deformation may scatter one edge state into another without coupling to bulk modes. This is the Bragg
scattering of the edge modes, which in a topological system is highly selective, with closed bulk and
backward scattering channels, even when conditions for resonant scattering are not satisfied. When such a
system bears nonlinearity, Bragg scattering enables the formation of a new type of soliton—topological
Bragg solitons. We report them in a spin-orbit-coupled (SOC) Bose-Einstein condensate in a homogeneous
honeycomb Zeeman lattice. An interface supporting two edge states is created by two different SOCs, with
the y component of the synthetic magnetic field having opposite directions at different sides of the
interface. The reported Bragg solitons are found to be stable.
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Topological edge states are fundamental for understand-
ing the physics of many phenomena including quantum
[1,2], anomalous [3], and quantum spin [4,5] Hall effects,
topological insulators [6], Majorana fermions [7], just to
mention a few. Introduced in solid state physics, topological
edge states were shown to be a universal wave phenomenon.
In particular, they enable protected edge currents in photonic
crystals as predicted in [8] and observed in [9-11] (see
review [12]), in surface plasmon-polariton systems [13], in
systems of cold atoms in optical lattices [14—16], in spin-
orbit coupled Bose-Einstein condensates (SOC BECs) [17],
and in optoelectronic systems, such as exciton-polariton
condensates [18,19].

Topological edge states are robust against disorder [6],
which distinguishes them from bulk states that can be
manipulated by perturbations [20]. This makes such states
promising for a variety of applications. Meanwhile, when it
is necessary to selectively excite or remove edge states, or
transform them in any other way, this robustness becomes a
drawback. Topological edge states can be coupled by
nonlinearity that gives rise to a rich set of phenomena,
such as modulation instability [19] or envelope soliton
propagating along the edge [17]. However, by enabling
linear coupling one qualitatively enriches the physics of
respective systems. Now nonlinear interactions, requiring
simultaneous energy and momentum conservation laws,
can be made resonant. That leads to a plethora of novel
phenomena, which so far were not considered for edge
states. In particular, linear mode coupling resulting from
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periodic modulation of the system, i.e., from Bragg
scattering, in the presence of nonlinearity can lead to the
formation of Bragg solitons [21,22], which are relevant for
many applications [23], and whose properties qualitatively
differ from those of the envelope solitons mentioned above.

In this Letter, we introduce an efficient mechanism of
coupling and conversion of topological edge states based
on Bragg scattering by periodic modulations of an interface
between topologically different media. This mechanism
works when a system supports more than one topological
edge state per interface. We show that even a very weak
periodic perturbation of such an interface may result in
periodic transitions between two edge states moving with
different group velocities. Such a coupling is highly
selective, with closed bulk and backward scattering chan-
nels. Furthermore, we construct Bragg solitons propagating
along the interface and representing a spatially localized
envelope of two coupled edge states.

As a case example, we address an atomic SOC BEC
[24,25], characterized by a spinor order parameter W =
(P, WENT (T stands for the transpose). The condensate is
placed in a honeycomb lattice, which can be created
experimentally by applying at least three laser beams
[26,27]. Almost arbitrary 2D field distributions, and thus
optical potentials, can be produced by the interference of
quasinondiffracting laser beams [28]. The lattice is charac-
terized by inverted potential profiles for the spinor compo-
nents and can be created by periodically varying Zeeman
splitting (see [29] for a possibility of experimental
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realization). Below such potential is termed a Zeeman lattice
(ZL). The interface supporting edge states is created by two
different spin-orbit couplings (SOCs). Although we focus on
SO BECs, our findings can be extended to any system
supporting several topological edge states per interface,
including gyromagnetic photonic crystals [9], polariton
microcavities [18], and photonic waveguide arrays [30].

The ZL is simulated by the matrix potential o, R(r), where
R(r) is a periodic function and (o, 6y, 6,) = & are the Pauli
matrices. The respective linear part of the Hamiltonian is
Hyy =p*/2+ o.R(r), where p=(—id,,—id,) is the
momentum operator (in the units, where 7 =m = 1). We
consider R(r) < 0; i.e., the ZL acts as an array of potential
wells and a barrier for the components ¥(!) and ¥®),
respectively. This results in the dominance of ¥(!) compo-
nent in states with negative energies. In a sufficiently deep
ZL, when the coupling to the ¥(>) component is a weak
perturbation for the ¥(!) component, the properties of the
lowest gap are determined by the topology of the Dirac
points of the conventional honeycomb lattice [31] (for
previous studies of BECs in discrete honeycomb lattices
see also [27,32]). Thus, when a ZL has a boundary with
uniform media, the application of SOC enables topological
edge states [17].

If a ZL is infinite, a space-dependent SOC by itself can
create an interface supporting topological states. Indeed,
assume that Rashba SOC [33], Hg = p(p,6, — p,0,), and
Dresselhaus SOC [34], Hp = —f(p.o, + pyoy), of equal
strengths g, are induced in the left (x < 0) and in the right
(x > 0) half-spaces, respectively. The SOC Hamiltonian
can be written as Hgoc = —f[p,0, + x(x)p,0,]|, where
x(x) =sign(x) [note that y(x) here can be replaced by
any smooth function, whose transition region between —1
and +1 is less than the lattice period in the x direction].
The resulting linear Hamiltonian acquires the form
Hy = H, + Hsoc. The Rashba SOC acting in the bulk
ZL (the Hamiltonian H, + Hyp) breaks time-reversal
symmetry and opens the topological gap between the
two lowest bands characterized by the Chern numbers
Cy = —1 and C, = 1. In contrast, Dresselhaus SOC acting
in the bulk ZL (the Hamiltonian H,,, + Hp) resultsin C; =
1 and C, = —1 Chern numbers of the two lowest bands.
Thus, a SOC interface created at x = 0 supports two edge
states, since the difference of the gap Chern numbers [2] of
the lattices at x < 0 and x > 0 is 2. This is shown in Fig. 1
(a) for a honeycomb ZL illustrated in Fig. 1(b).

The interface breaks the translational symmetry along
the x axis, but the system remains L periodic along the y
axis, i.e., R(r+Lj) = R(r) (for the hexagonal lattice
L =+/3a, where a is the distance between neighboring

sites). Consider two orthonormal edge states, y; = (1//(1)

j k)
y/ﬁz))T, j =1, 2, corresponding to an energy g, i.e.,

Hoy,, = egy,, but different Bloch momenta k;, in
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FIG. 1. (a) Two lowest bands in the spectrum of the ZL with

R(r)=—p>.,. . exp|[—(r —r,,)?/d*] shown in (b) for one
component. The amplitude of the lattice is p = 8, the character-
istic width of the potential maxima and minima centered at the
nodes r,,, = (x,,,y,) of the honeycomb grid is d = 0.5, the
distance between neighboring sites is a = 1.4. The dashed line in
(b) indicates the interface between domains with Rashba SOC
(left) and Dresselhaus SOC (right) with equal amplitudes
p = 1.5. Moduli of the components of the edge state 1 at k; =
0.375K (c),(d) and of the edge state 2 at k, = 0.575K (e),(f),

where K = 27/ v/3a. Both states, marked by the blue dots in (a),
have the energy ¢, ~ —3.376.

the y direction (like the states shown in Fig. 1). Because
of the Bloch theorem w;(r)=e"u;(x,y), where
u;(x,y)=u;(x,y+L). One has [H, P,,] =0, where
P, and P, are the operators performing inversions
x - —x and y — —y, respectively. One also obtains
[Hy.0,P,] = [Hy. PyK] =0, where K is the complex
conjugation. The symmetry P,/ implies that u;(x,y) =
e‘“”.fu}f(x, —y), where ¢; is an arbitrary constant phase.
Since o, Pu; = +u;, the components of a spinor u; have
opposite parities with respect to x.

Further, we take into account that the modes 1 and 2
belong to two neighboring branches of the dispersion
relation (i.e., for any given k in the Brillouin zone these
are subsequent energy levels). Since the symmetry of a
mode holds along the dispersion curve and there are only
two noncrossing edge states in the topological gap, one
conjectures that the o, P, symmetries of the states y 5(r)
are different. In other words, the same spinor components
of the edge states 1 and 2, have different parity in x. These
considerations are consistent with the symmetry of numeri-
cally calculated modes, shown in Figs. 1(c)-1(f), for which

'le/lﬁa) = (—1)”“*11//5.0’). This also ensures mutual ortho-
gonality of the edge states allowing us to choose them to
satisfy (j, [ =1, 2): (y,ly;) =5;, where we define
w;|Oly) = [, dx [ dyl//j-(’)y/, for an observable O.
These properties have implications for the averaged values
of the pseudospin s; = (y;|oly;) = (s, .5, .5, ;): for the
Jjth edge state one computes s; = (0,0, s, ;). For the states
shown in Figs. 1(c)-1(f) we have s,;~0.7021 and
5., ~0.8012; i.e., both states are mixed ones: |s_;| < 1.
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A weak perturbation U,(r), which is periodic along the
interface can resonantly couple the edge states, by means of
Bragg scattering. This occurs if the quasimomentum and
energy conservation laws, alias matching conditions for the
exact Bragg resonance, are satisfied simultaneously. For the
states with equal energies g,, the quasimomentum con-
servation is achieved if the period of the perturbation Z is
chosen as ¢ = 2z/k > L, where k = k3 — k? < K is the
lattice constant of the perturbation [we consider k9 < 9,
see Fig. 1(a), and use the index “0” for a pair of Bloch
vectors exactly satisfying the resonance condition]. To
determine the x dependence of the U,(r), we recall that
the edge states from different branches have opposite
parities in the x direction. Hence, the perturbation must
be an odd function of x, which is centered at the interface
and has sufficiently large width /; to ensure significant
overlapping with edge states (thus the symmetry of the
states determines the x dependence of the perturbation
ensuring the most efficient coupling). Below we use
U,y(r) = 8y(x)R(r) cos(ky), for |x| < 1,;/2 and U,(r) =
0 for |x| > 1;/2, where § < 1 is the modulation amplitude.

Now the linear Hamiltonian is given by H = Hy+
0.U,(r), and taking into account two-body interactions
the Gross-Pitaevskii equation for the spinor W takes the
form

i0,¥ = HY + g(¥'V)¥, (1)

where g > 0 (g < 0) for the BEC with positive (negative)
scattering length. We are interested in the evolution of a
wave packet, prepared at t = 0 as a superposition of two
edge states y,, ¥(r,0) = ag iy, (r) + apy,(r), where
ag; are complex amplitudes. First, we relax the requirement
of the exact matching conditions and consider edge states
with the Bloch momenta k; = k? + (—=1)Ak/2, where
|Ak| < k is a deviation from the exact resonance. The
respective energies are given by €, = gy F Ae/2, where
for a small Ak one approaches Ae = (v, + v,)Ak/2, with
|Ae(k)| < &g and v; = De;(kY)/Ok) being the group veloc-
ity of the jth state in the exact Bragg resonance. Since the
resonant interaction of the edge states dominates over their
coupling to bulk modes, at # > 0 the wave function is given
by W(r,t) = a,(t,y)y,e7 " + a, (1, y)w,e~ !, where the
evolution of amplitudes a; is described by the two-mode
model derived from (1) [35]:

i . i . C_ api(=1) 7 (Aky—Aet) )
18taj + wjayaj ce as_;

- 9(xjla;)* + ¥las_;|*)a; = 0. (2)

Here, j = 1,2, ¢ = 8(y|yo.R|y,)/2 is the coupling con-
stant (it is real), and the nonlinear coefficients y; =

(wiwlwly;) and 7 = (i lwiws) + (whw, [wiw,) are
positive constants.

1.2
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FIG. 2. Linear evolution of v}, in the exact Bragg resonance
Kk, =k +0.2K (a) and near Bragg resonance k, = x; + 0.225K,
i.e., Ak = 0.025K corresponding to Ae = 0.0077 (b). The dots
and solid lines show, respectively, the results of direct solution
of Eq. (1) and predictions of the coupled-mode theory. In both
cases the modulation depth is 6 = 0.004, while att = 0,v; =1,
and v, = 0.

First, we describe linear Bragg scattering of the edge
states at g = 0. Normalizing the initial amplitudes as
|ag |> + |ag,|* = 1, and considering the exact Bragg res-
onance, for y-independent amplitudes a;, one obtains
a, = cos(|c|t + &), ay = e~ #/2+ @2 gin(|c|t + ), where
8o 1s a real constant. In Fig. 2(a) we compare the linear
densities of the edge states v; = |a;(1)|* obtained from this
solution for 9y =0 (solid lines) and from the direct
simulations of Eq. (1) (dots) where the amplitudes were
computed as a;(1) = [, y/}' (r)¥(r,t)dr with A being the
total area of the lattice. As predicted, even weak periodic
grating leads to practically complete transition between
two edge states. The process is periodic: after atoms
transfer into state 2 at = z/2|c| (where v, ~ 1), the
reverse transfer starts, so that the initial state is recovered
at t = x/|c|.

One period of evolution of the initial edge state
prepared at k; = 0.375K, i.e., of ¥(r,0) =y (r) shown
in Figs. 1(c) and 1(d), at the exact Bragg resonance is
presented in Fig. 3 in the real and in momentum spaces (due
to fast decay of the edge estate along the x direction we
used periodic boundary conditions also in x). The evolution
of the internal structure of the wave due to conversion
between the states is visible from the comparison of real-
space distributions at half-period (t+ = 640) and at one
period (f = 1280). In the momentum space both spinor
components of the state 1 at t = 0 and at r = 1280 (after
one period) are localized mainly near two symmetric K’
points of the Brillouin zone [Fig. 3(f) shows the dominant
first component]. The interference of both edge states is
illustrated at a quarter-period, ¢ = 320, in Fig. 3(a) in the
real space and Fig. 3(d) in the momentum space. We
observe spots of the spectral density in all K and K’ points.
After a half-period the Fourier transform of ¥(!) (denoted
by (1) is localized in the vicinity of K points [Fig. 3(e)],
with the upper K point being more populated than the
other two.
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FIG. 3. Resonant scattering of the initial edge state prepared at
k; = 0.375K for § = 0.004. Real-space |¥(!)| distribution within
x,y € [-16L, 16L] window (top row), and corresponding mo-
mentum-space |p'!)| distribution within k,, k, € [-1.5K,1.5K]
window (bottom row) are shown at approximately a quarter-period
(t = 320), half-period (t = 640), and one period (t = 1280).

The evolution of the densities v, , for a near-resonant
case Ak # 0, Ae # 0 is illustrated in Fig. 2(b). We observe
a weakening of the conversion and increase of the fre-
quency of oscillations with an increase of the mismatch Ak.
This can be understood by considering a plane-wave
solution of Eq. (2): a;(f) = bjel@ -1V (Aky=Aen/2 " for
which two frequencies are obtained: . = Ak(v, —vy)/4+
{[(vy +v,)Ak/2— Ae]? /4 +c*}'/2. Thus, the period of the
energy exchange between the states is 7 = 27/ (0w, — w_).
The energy difference Ae and coupling coefficient ¢
depend on the mismatch Ak [see Fig. 4(a)]. The depend-
ence of the maximal (over the whole time interval) density
of the second edge state on momentum mismatch has a
resonance character, as shown in Fig. 4(b). The exact
resonance corresponding to complete transition between
the edge states is achieved at k, — k; = 0.2K and Ae = 0.

In the nonlinear case Eq. (2) admits a Bragg-soliton
solution. We write it for g < 0 and ¢ > 0, and for the exact
Bragg resonance Ak = Ae = 0:

_ V2crsine
V09l + 277 + 1)
x [sech(é + ic/2), % sech(é — ic/2)],  (3)

elotin

(al ’ (lz)

where Cj =y -t

- c(t*¢, +¢)) sine

(i = ¢&y)coso
a (v, —vy)

2(e8y, — 1 —cos
= <T{(24 21) g arctan (%(ytanh(f),
X1+ 27t 4 ot sinc

’ ’

72(1]2—111)

and o€ (0,7/2) and 7€ (—1,1) remain free para-
meters. Such solitons move with the velocity of the

0.03
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C
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FIG. 4. (a) Energy mismatch Aeg, coupling constant ¢, and

(b) maximal density 5% versus k, —k; at k; = 0.375K and
0 = 0.004. Dots in (a) are guides for the eye. Dots in (b) show the
results of direct simulations of Eq. (1) while the solid line shows
predictions of the coupled-mode theory. The exact Bragg
resonance occurs at k = 0.2K.

envelope, i.e., vy = (t*v, + v;)/(1 + %) (Bragg solitons
for nontopological nonlinear optics were first found in
[21,22]). Notice that azimuthal, € =20, and polar,
¢ = arccos 7, angles map the soliton to the unit Bloch
sphere encoding information in the soliton in the same way
as in a qubit.

Although Eq. (3) describes the 1D field distribution
along the interface, the Bragg solitons reported here are 2D
objects localized along and across the interface by different
physical mechanisms. Therefore, now we turn to the results
of direct numerical simulations of Eq. (1). Figure 5 shows
the propagation of a topological Bragg soliton [panels
(d)—(f)] in a condensate with a negative scattering length
in comparison with dispersive dynamics of the same
initial wave packet in a condensate without interatomic

FIG. 5. |‘I‘<1)| distributions of a wave packet at g = 0 (a)—(c)
and a topological Bragg soliton at g = —1 (d)—(f), obtained by the
direct simulation of (1) are shown at instants within the
x € [-16L,16L], y € [-60L, 60L] window. Initial distributions
were constructed using (3) with 7 =1, ¢ = 0.44x. The modu-
lation amplitude 6 = 0.008 corresponds to ¢ = 0.00484. The
coupled modes have group velocities v; =0.2543 and
vy = 0.1215. We mention high accuracy of the definition of
the soliton velocity, which is 0.1828 in the shown numerical
results, as compared to 0.1879 predicted by (3). The nonlinear
coefficients are y; = 0.0739, y, = 0.1515, and 7 = 0.1965.
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interactions [panels (a)—(c)]. We observe the robustness of the
Bragg soliton, which is topologically protected from the
energy losses into other modes of the system, that also
illustrates a high accuracy of formula (3) for the soliton shape.
The soliton is confined at the interface due to its topological
nature; hence it is quasi-1D and it is also protected against
collapse, although the system is 2D and the interactions are
attractive. The weak broadening of the soliton visible at large
times ¢ ~ 700 is attributed to higher-order dispersion which is
not accounted for by the model (2).

Summarizing, weak periodic perturbation at the interface
between two topologically different media with two or more
edge states enables resonant transitions between them.
This allows the manipulation of edge states, their selective
excitation, and control of their propagation velocity. Because
of the topological nature of the system, Bragg scattering
channels are limited to the edge-state subspace, remaining
immune to scattering into bulk modes. When the system
bears nonlinearity, it supports the propagation of topological
Bragg solitons inheriting topological protection from the
modes on which they are constructed. Robustness, dynami-
cal nature, and parametrization make Bragg solitons good
candidates for the implementation of qubits. Our results are
not limited to atomic states described here; they can be
observed in any system supporting more than one topologi-
cal state per interface. Furthermore, they pave a way to the
investigation of a plethora of multiwave processes involving
edge states, three-wave processes and four-wave mixing
being among them. They also indicate the possibilities of
other coupling mechanisms such as, for example, Bragg
scattering on phonons.
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